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Abstract. A geodesic current on a free group F is an i<'-invariant measure 
on the set d'^F of pairs of distinct points of the boundary dF. The main aim 
of this paper is to introduce and study the notion of geometric entropy hT{p.) 
for a geodesic current on a free group F with respect to a point T in the 
Outer Space cv{F), T thus being an R-tree equipped with a minimal free and 
discrete isometric action of F. The geometric entropy hj^di) measures the 
slowest exponential decay rate of the values of fi on cylinder sets in T, with 
respect to the T-length of the segment defining such a cylinder. 

We obtain an explicit formula for hj^r (fix), where T,T' £ cv{F) are arbi- 
trary points and where fi^ is the Patterson-Sullivan current corresponding to 
T, in terms of the volume entropy of T and the extremal distortion of distances 
in T with respect to distances in T'. 

We conclude that for T G CV{F) (where CV{F) C cv{F) is the pro- 
jectivized Outer space consisting of all elements of cv(F) with co-volume 1) 
and for a Patterson-Sullivan current fiT corresponding to T, the function 
CV{F) R mapping T' to achieves a strict global maximum at 

T' = T. 

We also show that for any T G cv{F) and any geodesic current fj, on F, we 
have hTifJ.) < h{T), where h{T) is the volume entropy of T, and the equality 
is realized when fi = fiT- For points T £ cv{F) with simplicial metric (where 
all edges have length one), we relate the geometric entropy of a current and 
the measure-theoretic entropy. 



1. Introduction 

In [6] Culler and Vogtmann introduced a free group analogue of the Teichmiiller 
space of a hyperbolic surface now known as Culler- Vogtmann's Outer space. The 
Outer space proved to be a fundamental object in the study of the outer automor- 
phism group of a free group and of individual outer automorphisms. 

Let F be a free group of finite rank k > 2. The nonprojectivized Outer space 
cv{F) consists of all minimal free and discrete isometric actions of F on R-trees. 
Two trees in cv{F) are considered equal if there exists an i^-equivariant isometry 
between them. Note that for every T 6 cv{F) the action of F on T is cocompact. 
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There are several topologies on cv{F) that are all known to comcide [21]: the equi- 
variant Gromov-Hausdorff convergence topology, the point-wise translation length 
function convergence topology, and the weak CM^-topology (see Section [5] below for 
more details). There is a natural continuous left action of Out{F) on cv{F) that 
corresponds to pre-composing an action of _F on T with the inverse of an automor- 
phism of F. One often works with the projectivized version CV{F) of cv{F), called 
the Outer space, which consists of all T G cv{F) such that the quotient graph T/F 
has volume 1. The space CV{F) is a closed Out(F)-invariant subset of cv{F). 

A geodesic current is, in the context of negative curvature, a measure-theoretic 
generalization of the notion of a free homotopy class of a closed curve on a surface 
and of the notion of a conjugacy class in a group. Let dF be the hyperbolic 
boundary of F and let d^F be the set of all pairs C) G dF x dF such that 
£, C- There is a natural left translation action of F on dF and hence on d^F. 
A geodesic current on is a positive, finite on compact subsets, Borel measure 
on d^F that is i^-invariant. (One sometimes also requires currents to be invariant 
with respect to the "flip" map d^F d^F, (^, C) '-^ (CiO; but we do not impose 
this restriction in this paper). The space Curr{F) of all geodesic currents on F is 
locally compact and comes equipped with a natural continuous action of Out{F) 
by linear transformations. 

The study of geodesic currents in the context of hyperbolic surfaces was initi- 
ated by Bonahon pH, [2] . Bonahon extended the notion of a geometric intersection 
number between two (free homotopy classes of) closed curves on a hyperbolic surface 
to a symmetric and mapping-class-group invariant notion of an intersection num- 
ber between two geodesic currents. He also showed that the Liouville embedding of 
the Teichmiiller space into the space of projectivized geodesic currents extends to 
a topological embedding of Thurston's compactification of the Teichmiiller space. 
The study of geodesic currents also proved useful in the context of free groups (see, 
for example, [20l[l2l[T3l[l4l[l5l[l6l[IIl[3l[Z!). Thus in [TH [13] Kapovich 
constructed a canonical Bonahon-type OMt(F)-invariant continuous "intersection 
form" / : cv{F) x Curr{F) — >■ R. In a recent paper [16^ Kapovich and Lustig ex- 
tended this intersection form to the "boundary" of cv{F) and constructed its contin- 
uous Out(F)-invariant extension / : cuxCurr{F) M. Here cv{F) is the closure of 
cv{F) in the equivariant Gromov-Hausdorff (or the length function) topology. It is 
known that cv{F) consists precisely of all the minimal very small isometric actions 
of F on M-trees. The projectivization of cv{F) gives the Thurston compactification 
CV{F) = CV{F) U dCV{F) of the Outer space CV{F). Motivated by Bonahon's 
result, in 18 Kapovich and Nagnibeda constructed the Patterson-Sullivan map 
CV{F) — ;> ¥Curr{F) and proved that this map is an OMt(F)-equivariant contin- 
uous embedding (here ¥Curr{F) is the space of projectivized geodesic currents on 
F). Since PCurr{F) is compact, the closure of the image of CV{F) under this map 
gives a compactification of CV{F). However, unlike in the case of hyperbolic sur- 
faces, this compactification is not the same as Thurston's compactification CV{F) 
of CV{F). Kapovich and Lustig [15^ proved moreover that there does not exist a 
continuous Owi(F)-equivariant map dCV{F) PCurr{F). 

Let T G cv{F). Note that T is a proper Gromov- hyperbolic geodesic metric 
space. Denote by dT the hyperbolic boundary of T and by d^T the set of all pairs 
(^, C) G d'^T such that C 7^ C- Thus for any (^, Q) e d'^T there exists a unique 
bi-infinite (non-parameterized) oriented geodesic line C T in T from ^ to C,. 
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We think of C] ^ ^ as the image of an isometric embedding from M to T, with 
the correct choice of an orientation on C]. 

Since F acts discretely, isometrically and co-compactly on T, the orbit map (for 
any basepoint in T) defines a quasi-isometry qx '■ F ^ T (where F is taken with any 
word metric) and hence a canonical i^-equivariant homeomorphism dqr ■ F dT . 
In turn, dqx defines an F-equivariant homeomorphism d^qT ■ d^F — > d^T . 

We will use the homeomorphisms dqr and d^qr to identify dF with dT and, 
similarly, d^F with d^T. We will often suppress this explicit identification. 

The volume entropy h = h{T) is defined as 

, ^ log#{g e F : dTixQ,gxo) < R} 

where G T is a basepoint. It is well known ([5 ) that the limit always exists and 
does not depend on the choice of a basepoint Xq G T. It also coincides with the 
critical exponent of the Poincare series : 

gdF 

namely, TixQ (s) converges for aX\ s > h and diverges for all s < h. Moreover, for 
every xq G T, as s — ;> h+, any weak limit of the probability measures 



1 y e-' ''(^«'f^«)Dirac(ga;o). 



is a measure supported on dT. The measure-class of v is uniquely determined and 
does not depend on the choice of xq or on the choice of a weak limit. Any such v 
is called a Patterson-Sullivan measure on dT = dF corresponding to T G cv{F). 

Furman proved in in a wider context of hyperbolic groups, that there exists 
a unique, up to a scalar multiple, i^-invariant and flip-invariant nonzero locally 
finite measure on d^T in the measure class of ly x v. Such a measure is 
called a Patterson-Sullivan current for T G cv{F). Since fiT is unique up to a 
scalar multiple, its projective class [ij-t] is called the projective Patterson-Sullivan 
current corresponding to T G cv{F). Moreover, Furman's results imply that for 
T G cv{F) the projective Patterson-Sullivan current corresponding to T depends 
only on the projective class [T] of T, and thus allow to define the Patterson- Sullivan 
map CV{F) — > f'Curr{F)\ \T] ^ ^t- We refer the reader to [18\ for a more detailed 
discussion. 

Let T G cv{F). Let x^y G T^x ^ y, and [x,y\ denote the unique simplicial 
geodesic between x and y in T. Denote 

Cyll,y^ = Cyl[x,y] := {(Ci,C2) G d'F : [x,y] C [dqTiCi), dqr^ 
and the orientations on [x,y] and on [CiiCa] agree} 

the two-sided cylinder set corresponding to [x,y]. 

For a fixed T G cv{F), any current /i G Curr{F) is uniquely determined by its 
values on the cylinder sets Cyly^ y^ C d^F, where [x, y] varies over all nondegenerate 
geodesic segments in T. Note that since ii is F-invariant, the value fJ-iCyl^r^ y^) 
depends only on /x and the path which is the image of [x, y] in the quotient graph 
T/F. The "weights" ^{Cyl[x,y]) tend to as drix, y) — J> oo, and in many interesting 
cases, as for example in that of Patterson- Sullivan currents, this convergence is 
exponential. We introduce the notion of geometric entropy hriti) of with respect 
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to T to measure the slowest exponential rate of decay of the weights ii{Cyl[x,y]) as 
dT{x,y) tends to infinity. More precisely (see Definition 13.11 below) : 

hA^):^ hminf '^"^/l^^^^'^ 

dT{x,y)^oo dT{x,y) 

We first establish some basic properties of geometric entropy in Section [3] In 
particular hrilJi) — hric^i) for any c > 0, /i S Curr{F), so that /it(a*) depends 
only on the projective class of ^. We note that for a fixed fj, G Curr[F) the 
function : cv{F) — J> R, T h-5> hxifJ.) is continuous (Proposition 13. 7p . On the 
other hand, for any T G cv{F), the function Ht '■ Curr{F) — > R, /i i— ^t(m) is 
highly discontinuous. Indeed, there is a dense subset in Curr(F) consisting of so- 
called "rational" currents (see Definition 5.1 in |13) ). whose geometric entropy is 
zero. On the other hand there are many currents with positive geometric entropy. 

We obtain an explicit formula for the geometric entropy of a Patterson-Sullivan 
current fiT of T G cv{F) with respect to an arbitrary T' S cv{F). The geometric 
entropy of fix with respect to T coincides with the volume entropy h{T). We then 
solve two types of extremal problems regarding maximal values of the geometric 
entropy with either the tree or the current arguments fixed. Our main results are 
the following. 

Theorem A. f Corollary and Theorem \5.5]) . Let T E cv{F) and let fir £ 
Curr{F) be a Patterson-Sullivan current corresponding to T . Let h{T) be the vol- 
ume entropy of T . Then 

(1) /iT(/iT) = h{T); 

(2) for any T' £ cv{F) 

hT'lfJ-T) = h[T) mf —— — = — . 

senfi} 9 T' 9 T' 



geF\{i} \\9\\t 

Here, for f E F and T G cv{F), ||/||t '■— inf^igT drix, fx) is the translation length 
off. 

It is known [24l HH [l3] that 

. r \\9\\t . \\9\\t II/IIt II/IIt 

mt -J— — = mm —- — , sup -rrj-. — = max ■— - — 

96-F\{i} \\9\\t' aeF\{i} \\g\\T' /eF\{i} II/IIt' feF\{i} ||/||t' 

and, moreover, one can algorithmically find g, f E F realizing the above equalities 
in a finite subset of \ {1} depending only on T. It follows that the geometric 
entropy as function of T' admits a continuous and strictly positive extension to 
cv{F). 

The extremal distortions of the trees T and T' with respect to each other which 
appear in Theorem]^ are key ingredients in the recent construction by Francaviglia 
and Martino [8^ of asymmetric metrics on the Outer space. Their construction 
is inspired by Thurston's work on mutual extremal stretching factors (extremal 
Lipshitz constants) of two points in the Teichmiiller space |22| . 

We further use Theorem \X\ to compute extremal values of h'j'i(^T) as function 
of T' e CV{F) and show that this function achieves its strict maximum at T. 

Corollary B. (Corollaries [TH and\5l\j. Let T,T' e CV{F) be such that T ^ T . 
Let fiT £ Curr[F) be a Patterson-Sullivan current corresponding to T and let h{T) 
be the volume entropy ofT. Then 
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(1) for any T' G CV{F) such that T' 

(2) we have 

inf /iT' (a*t) = 0. 

T'^CV(F) 

We then proceed to study the geometric entropy as a function of /i e Curr{F). 
Although it is highly discontinuous, we compute its maximal value. Given a current 
^ G Curr{F), we consider a family of measures {^x}x£T on dF defined by their 
values on one-sided cylinder subsets of dF: 

Cyl^^ y] '■— {£, ^ ■ the geodesic ray [a;, 9t(C)] in ^ begins with [x, y]} C 9-F, 

If /i £ Curr{F), /i ^ then there is x G T such that /i^ 7^ (it is enough to take 
a segment [x, y]) such that ^{Cyl\x,y]) 7^ 0). Note however, that the action of F on 
the set of vertices of T is not necessarily transitive and it may happen that /i ^ 
but for some vertex a; of T we have /x^; = 0. 

If jiT is a Patterson-Sullivan current corresponding to T then is a Patterson- 
Sullivan measure on dF corresponding to T (see [18] ). 

Theorem C. (TheoremWl\ and Corollary Let T e cv{F) and let h = h{T) 

he the volume entropy ofT. 

(1) Let fj, G Curr{F), fi ^ 0, and let x he such that 7^ 0. Then 

hrifi) < HDaT(A*x) < hritir) = h{T), 

where HDgT^fJ-x) is the Hausdorff dimension of fix with respect to dT 
with the metric dx (definitions are recalled in the beginning of Section\B\). 

(2) For T G cv{F) denote hy \T] the projective class of T that is, the set of 
all cT G cv{F) where c> 0. IfT' e cv{F) is such that [T] ^ [T], then 

hriiiT') < h{T). 

Part (1) of Theorem [Ul implies that 

hiT) — hTipT) ~ max ^t(m)- 

As was observed in [11 , if Ta G cv{F) is the Cayley graph of F with respect to a 
free basis A and if T G cv{F) is arbitrary, then 

( \ log(2fc - 1) 
YLT>QT{mA) = — , 

^a(J ) 

where fc > 2 is the rank of -F, where toa is the "uniform" measure on dF correspond- 
ing to A, and where \a{T) is the "generic stretching factor" of T with respect to 
A. That is, for an element Wn G F obtained by a simple non-backtracking random 
walk on Ta of length n, we have llwnllT/llwnllA ^ ^a{T) as n — > 00. Note that in 
this case h{TA) — log(2/c — 1) and niA = {f-TA )x for x being the vertex of the Cayley 
graph Ta of F corresponding to 1 G i^. Also, obviously Xa{T) < sup^g^^m jj^jj^ . 
Thus part (2) of Theorem ICl agrees with these observations since it says that 

log(2fc-l) log(2fc - 1) 

"^^^^^^ ^ 7^ ^ - = A^(r) ■ 



6 



ILYA KAPOVICH AND TATIANA NAGNIBEDA 



These observations also suggest that if Tq G cv{F) is arbitrary (not necessar- 
ily corresponding to a free basis) and if T G cv{F), one can define the "generic 
stretching factor" of T with respect to Tq as Xto{T) HDlr°(Mo) where /io is a 
Patterson-Sullivan measure on dF corresponding to Tq. 

Combining Theorem El and Theorem [Cl we obtain: 

Corollary D. Let T,T' G cv{F). 
(1) 

• r MW , h{T') \\g\\T 

ml -—— < — — - < sup -rr—r, • 

9eF\{i} II^IIt' h{T) geF\{i} \\9\\t' 
(2) Suppose that [T] ^ [T'] . Then 

■ , M\t h{T') Mt 

mf < < sup irrh- 

\\9\\t' h[T) geF\{i} \\9\\t' 

Here [T] denotes the projective class of a tree T G cv{F). Part (2) of CoroUarvlDl 
implies that if [T] ^ [T'] and h{T) = h{T') then 

. r IIsIIt ^ ^ \\9\\t 
mf -r—- — < 1 < sup 



senfi} \\9\\t' geF\{i} \\9\\t' 

Thus there exist 9, f & F\{1} such that ||g||T < ||5||t' and ||/||r > ||/||t'- This 
statement provides an analogue of a theorem of Tad White |24| who proved a similar 
result for CV{F), that is for the situation where points in cv{F) are normalized by 
co-volume. The above inequality is an analogue of White's result for the situation 
where we normalize points of cv{F) by volume entropy. 

In Theorem 13.91 we also bound the geometric entropy hxi^J^) by the exponential 
growth rate of the support of jjL (appropriately defined) and observe that currents 
with support of subexponential growth always have geometric entropy equal to zero. 

Suppose that T G cv{F) is a simplicial tree with all edges of length one, so 
that we can think of T as F for the finite graph T = T/F with the standard 
simplicial metric, and without degree-one vertices. There is a natural shift map 
a : il(r) -> f^(r) on the space ^(T) of all semi-infinite reduced edge-paths in 
r, corresponding to erasing the first edge of a path. The pair {U{T),a) is an 
irreducible subshift of finite type. For every finite reduced edge-path i> in F there 
is a natural cylinder set Cylv C ^1{T) consisting of all semi-infinite paths 7 G f^(F) 
that have v as an initial segment. We can think of r2(F) as an analogue of the 
unit tangent bundle for F. There is also a natural affine correspondence (see |13j 
for more details) between the space of geodesic currents Curr{F) and the space 
A^(F) of finite shift-invariant measures on the space ri(F). For fi G Curr{F) 
the corresponding shift-invariant measure /t G A^(F) is defined by the condition 
ll^Cyly) := fJ-{Cyl^x.y]) where v is an arbitrary finite reduced edge path in F and 
where [x,y] is a lift of v to T. In this setting, for any n G Curr(F), we relate the 
geometric entropy hT{fJ.) and the measure-theoretic entropy of /i (normalized to be 
a probability measure). We refer the reader to [19j for a more detailed discussion 
regarding measure-theoretic entropy (also known as metric entropy or Kolmogorov- 
Sinai entropy) of shift-invariant measures on irreducible subshifts of finite type. In 
particular, it is known that for such subshifts the measure-theoretic entropy of 
a shift-invariant probability measure never exceeds the topological entropy of the 
shift and that the equality is realized by a unique shift-invariant probability measure 
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called the measure of maximal entropy. For a shift-invariant probability measure v 
on r2(r) we denote its measure-theoretic entropy by h{i'). 

Theorem E. (Theorem |7.g| and Corollary \ 7.3\ ) Let T e cv{F) he a simplicial 
tree with simplicial metric and let T ~ T/F be the quotient graph (thus all edges 
in T and T have length one, and T is a finite connected graph without degree- one 
vertices). Let ^ G Curr{F), ^ =/= 0, and let fl G A^(r) be the corresponding shift- 
invariant measure on ^{T), normalized to be a probability measure. Similarly, let 
fiT G Curr{F) be a Patterson- Sullivan current for T and let fix G Ai{T) be the 
corresponding shift-invariant measure on normalized to have total mass one. 

Then we have 

(1) hrifi) < hip) < htopoi{n{r),a) = h{T) = ?i(/2t); 

(2) /it(/^) = f^iT) if and only if there is c > such that cfi — fiT, that is, 
[^] = [fj,j.] in PCurr{F). 

(In particular Jit is the measure of maximal entropy for (17 (F), a)). Note that 
Theorem [E] implies part (2) of Corollary [C] for the case where T G cv{F) has 
simplicial metric (all edges have length one). 

We believe that a version of Theorem [E] should hold for an arbitrary T G cv{F) 
and not just for a tree with simplicial metric, that is, for the case where T = T/F 
is an arbitrary finite metric graph without degree-one vertices. Indeed, in this gen- 
eral case there is still a natural correspondence between Curr(F) and the space of 
all IR>o-invariant measures on the space r2R(F) of all locally isometric embeddings 
7 : [0, oo) F, where 7(0) is not required to be a vertex. (The space 17m(F) comes 
equipped with a natural IR>o-action). However, in the case of a non-simplicial met- 
ric on F this M>o action does not nicely match the "combinatorial" shift a from 
Theorem |E1 which creates unpleasant technical problems with the argument. Prov- 
ing an analogue of Theorem |E] for an arbitrary T G cv{F) requires first developing 
basic background machinery and formalism for analyzing R>o-invariant measures 
on r2R(F) and matching this information with the combinatorial description of ge- 
odesic currents used in this paper. We postpone such analysis till a later date. 

Let us note however, in view of the above discussion, that one can directly 
define an analogue of the notion of geometric entropy for any shift- invariant (or 
even not necessarily invariant) measure on an irreducible subshift of finite type, and 
study this notion in its own right. Thus let A be a finite alphabet, let A'^ be the 
full shift (the set of all semi- infinite words in A), let a : — > A'^ be the standard 
shift map and let C A" be a subshift of finite type. For any finite word v that 
occurs as an initial segment of some element of O we define Cyl^ to be the set of 
all 7 G that begin with v. If /i is a finite positive Borel measure on 17, we can 
define its geometric entropy as: 

, . ^ ,. . ^ -lognjCyly) 
hgeornW = lim mt — , 

|'u|— >oo \V\ 

where |w| is the ordinary combinatorial length of the word v. Similar to the results 
above, one can show that hgeomip-) < htopoi{^) and that if /x is a shift invariant 
probability measure then hgeomitJ') ^ ^(m) ^ htopoi{^)- Also, similarly to Theo- 
rem [Cl one can show that /igeom(M) ^ HDrf(/i) with respect to restriction d to 
O of the standard metric from A". In this paper we concentrate on the setting 
of geodesic currents since it is more invariant and allows us to avoid choosing Q, 
(which would correspond to fixing a particular simplicial tree T G cv{F)). 



8 



ILYA KAPOVICH AND TATIANA NAGNIBEDA 



The authors thank Chris Connell and Seonhee Lim for useful conversations. 
We also thank the referee for helpful comments. 

2. The Culler- Vogtmann Outer Space 

The Culler- Vogtmann outer space, introduced by Culler and Vogtmann in a 
seminal paper [6], is a free group analogue of the Teichmiiller space of a closed 
surface of negative Euler characteristic. We refer the reader to the original paper 
[6] and to a survey paper \23\ for a detailed discussion of the basic facts listed in 
this section and for the further references. 

Definition 2.1 (Non-projectivized Outer Space). Let be a finitely generated 
free group of rank fc > 2. 

The non-projectivized outer space cv{F) consists of all minimal free and discrete 
isometric actions of F on M-trees. Two such trees are considered equal in cv{F) if 
there exists an i^-equivariant isometry between them. The space cv(F) is endowed 
with the equivariant Gromov-Hausdorff convergence topology. 

It turns out that every T e cv{F) is uniquely determined by its translation 
length function £t ■ F ^ where for every g € F 

^rig) = \\g\\T = mmdT{x,gx) 

is the translation length of g. Note that (rig) — f-xihgh^^) for every g,h E F . Thus 
It can be thought of as a function on the set of conjugacy classes in F. The space 
cv{F) comes equipped with a natural left Out{F)-a,ci\OTi by homeomorphisms. At 
the length function level, if </> G Out{F), T 6 cv{F) and g € F we have 

Uriig]) = W-'[g]). 

It is known that the equivariant Gromov-HausdorfF topology on cv{F) coincides 
with the pointwise convergence topology at the level of length functions. Thus for 
T„,T 6 cv{F) we have lim„_j.oo Tli — T if and only if for every g G F we have 
lim„^oo ^T„ (g) = irig)- 

Points of cv{F) have a more explicit combinatorial description as "marked 
metric graph structures" on F: 

Definition 2.2 (Metric graph structure). Let F be a finite connected graph without 
degree-one and degree-two vertices. A metric graph structure C on F is a function 
C : FT R such that for every e £ FT we have 

C{e)=C{e-^) > 0. 

More generally, define a semi-metric graph structure £ on F to be a function 
£ : ET — >■ R such that for every e G FT we have 

C{e)^C{e-^) > 0. 

A semi-metric graph structure £ on F is nondegenerate if there exists a subforest 
Z in F such that £(e) > for every e £ FT ~ FZ. 

For a semi-metric graph structure £ on F define the volume of C as 

vol{C)= J2 Ae) 

eGB+r 

where FT — F^T U F^T is any orientation on F. 
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If £ is a semi- metric graph structure on F and -y = ei, . . . , e„ is an edge-path 
in r, we denote 

n 
i=l 

and caU C{v) the C-length of v. 

Convention 2.3. For a (finite or infinite) graph A, denote by l^A the set of all 
vertices of A, and denote by £JA the set of all oriented edges of A. Combinatorially, 
we use Serre's convention regarding graphs. Namely, A comes equipped with three 
functions: o : E/^ FA; t : EA VA; and ~^ : EA EA, such that 

^ e, (e~"'")~^ — e for every e G -EA, o(e) = t{e^^), and t{e) = o(e^^) for every 
e € EA. The edge is called the inverse of e. An orientation on A is a partition 
EA = E+A U E~A, where for every e G EA one of the edges e,e~^ belongs to 
E~^A and the other edge belongs to E~A. 

An edge-path 7 in A is a sequence of oriented edges which connects a vertex 
0(7) (origin) with a vertex t{'y) (terminus). A path is called reduced if it does not 
contain a back- tracking, that is a path of the form ee~^, where e G EA. 

If 7 = ei, . . . , e„ is an edge-path in A, where Cj G EA, we call n the simplicial 
length of 7 and denote it by |7|. 

We denote by P{A) the set of all finite reduced edge-paths in A. For a vertex 
X G VA, we denote by Vx{A) the collection of all 7 G 'P{A) that begin with x. 

Definition 2.4 (Marking or Simplicial chart). Let F be a finite connected graph 
without degree-one and degree-two vertices such that 7ri(F) = F. Let a : F — > 
7ri(r,p) be an isomorphism, where p is a vertex of F. We call such a a simplicial 

chart or a marking for F. 

Definition 2.5 (Marked metric graph structure). Let F be a free group of finite 
rank fc > 2. A marked (semi-)metric graph structure on F is a pair {a,C), where 

a : F — > 7ri(F,p) is a simplicial chart for F and £ is a (scmi-)mctric structure 
on F. (A marked semi-metric graph structure (a, C) is non-degenerate if £ is 
nondegenerate.) 

Convention 2.6. Let (a, C) be a marked metric graph structure on F. Then [a, C) 

defines a point T G cv{F) as follows. Topologically, let T = F, with an action of 
F on T via a. We lift the metric structure £ from F to T by giving every edge 
in T the same length as that of its projection in F. This makes T into an R-tree 
equipped with a minimal free and discrete isometric action of F. Thus T G cv{F) 
and in this situation we will sometimes use the notation T = (q,£) G cv{F). Note 
that T/F = F. Moreover, it is not hard to see that every point of cv{F) arises 
in this fashion and that CV{F) is exactly the set of all those T = {a, £) G cv{F) 
where (a,£) is a marked metric graph structure on F with vol{jC) = 1. 

Note also that any nondegenerate marked semi-metric graph structure on F 
also defines a point in cv{F) by first contracting the edges of £- length 0, and then 
proceeding as above. 

Definition 2.7 (Elementary charts). Let a : F — >■ 7ri(F,p) be a simplicial chart for 
F. Fix an orientation FF = F+F U F-F on F and let F+F = {ei, . . . , e^}, where 
TO = #F+F. 

Let Va C cv{F) be the set of all T = (a,£) where £ is a nondegenerate semi- 
metric structure on F. Let Ua be the set of all T = {a, £) where £ is a metric 
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structure on F. Thus Ua QVa- Wc call Va the elementary chart corresponding to 
a and we call Ua the elementary open chart corresponding to a. 

There is a natural map : — >■ defined as Aa(a, £) = (£(ei), . . . , £{em))- 
It is known that Aq. : — >■ K™ is injective and is a homeomorphism onto its image. 
In particular, Xa{Ua) is the positive open cone in M™, that is, \a{Ua) consists of all 
points in all of whose coordinates are positive. Therefore Ua is homeomorphic 
to an open cone in M'". 

The space cv{F) is the union of open cones Ua taken over all simplicial charts 
a on F. Moreover, every point T G cv{F) belongs to only finitely many of the 
elementary charts Va- It is also known that the standard topology on cv{F) co- 
incides with the weakest topology for which all the maps A~^ : XaiVa) — >■ Va are 
continuous. 

Let a : F ^ 7ri(r,p) be a simplicial chart, let T = F and let j : T — >• F denote 
the covering. It is easy to see that for ji G Curr{F) we have lim /x„ = /jx if and 

n—>oo 

only if lim ^„(CyL) = ^(CyL) for every 7 e V{T). Moreover, for /z, /x' e Curr{F) 

n— >cxD 

we have = /x' if and only if fi{Cylj) = ix'{Cyl^) for every 7 e V{T). 

Note that for any f E F and 7 E V{T) wc have fCyl^^ = Cyl . Since geodesic 
currents are, by definition, F-invariant, for a geodesic current n and for 7 G V{T) 
the value ii{Cyl^) only depends on the label ^(7) e 'P(r) of 7. 

Notation 2.8. For this reason, for any reduced edge-path v S 'P(F), we denote by 
{v,fi)a the value fi{Cyl^) where 7 G V{T) is any reduced edge-path with label v. 

Wc finish this Section with the following basic lemma, needed later, which shows 
that for T,T' e cv{F) extremal distortions of the translation length functions for 
T and T' give the optimal stretching constants for F-equivariant quasi-isometries 
between T and T'. 

Lemma 2.9. Let T,T' e cv{F) and let cj) : T ^ T' be an F-equivariant quasi- 
isometry. Then the following hold: 



(1) 

(2) 



, . r MIt' ,. . f dT'{^{x),(j}{y)) 
Ai := mi -rp-j- — = limmi -— . 

9eF\{i} \\g\\T dT(x,y)^<x dT{x,y) 

. MW' dT'{^{x),cl>{y)) 

A2 := sup -7j— j- — = lim sup 



g6F\{l} IIsIIt dT(x,y)^oo dT{x,y) 

(3) There is C > such that for any x,y € T we have 

XidT{x,y)-C < dT'{(l){x),(l){y)) < X2dT{x,y)+C. 

Proof. Let xq G T he a, base-point and let x'q = (pixo) G T'. Thus <t>{gxo) = 
gx'g for all g G F. 

Let us show Part (2). For any g G F \ {1} we have 

lim ^iMl^ = lim dT'{x'„9-x',) ^ ^^^^^^^ 

n— ^00 n n— >-oo Tl 

and hence 

dT'{x'o,g"x'o) _ \\g\\T' 



lim X — n 11 

n-)-oo dT{xo,g'"xo) \\g\\T 

IIsIIt - "™^^PdT(a:,?/)^-oo dT(x,3/) ano SO 
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sup ^/-^ < hmsup — 

5GF\{1} \\9\\t dT{x,y)^oo a'T[X,y) 

Suppose now that dT{pn,qn) oo and 

n->oo dT(Pn,qn) dT(x,v)^oo dT[X,y) 

There is a constant M = M{T') > 1 such that there are some gn,hn & F with 
driPn, dnXo), driqn, hnXo) < M and such that the geodesic [^^3^0, hnXo] projects to 
a closed cychcally reduced path in T/F. That is, the points g„xo,/i„xo belong to 
the axis of the element hng~^ and drp^g^XQ, hnXo) = Translating g„] 

by 9n^ we may assume that gr„ = 1 for every n > 1. Thus d{xo,hnXo) = \\hn\\T 
and dT{Pn,Xo),dT{qn,hnXo) < M. Hence |rfT(Pni9n) ~ H/inllrl < 2M. Note that 
a;o and hnXo belong to the axis of tin m • 

Denote p'^ = (p{Pn), q'n = 4>{(ln)- Since (j) is an F-equivariant quasi-isometry, 
the 0-imagc of the axis of ft„ in T is an /i„-invariant quasigcodesic in T' which is 
at a bounded HausdorfF distance from an /i„-invariant geodesic in T' , that is, from 
the axis of /i„ in T' . Hence there is some constant C > 1 such that \dT'{p'n-,qn) ~ 

\\hn\\T'\<C. 

Therefore 

dT'{(l>{pn),<l>{qn)) ^ y WKWt + M WqWt' 

hm — < sup ' < sup 



Hence 



dT{Pn,qn) n^oo \\hn\\T' — C geF\{l} WqW 



\\g\\T' y dT'iH^),Hy)) 

sup -rj— J- — = limsup 



geF\{i} llfllr dT(x,j/)^-oo dT{x,y) 
as required. 

Part (1) is established using a similar argument to part (2) and we omit the 
details. 

For part (3), let x,y G T he arbitrary and let x' = (j){x), y' = (p{y). As in the 
proof of (2), there exist elements g,h € F such that dT{x,gxo),dT{y,hxo) < M 
and such that the geodesic [gxo,hxo] projects to a closed cyclically reduced path 
in T/F. By exactly the same argument as above wc deduce 

dT'ix',y') < Mt' + C < A2||/7,||t + C < 
X2{dT{x, y) + 2M) + C = ^drix, y) + (2MA + C), 

as required. The proof that dT'{x',y') > XidT{x,y) — (2MA + C), is similar, and 
we omit the details. 

□ 



3. Geometric entropy of a geodesic current 

Definition 3.1 (Geometric entropy of a current). Let fj, G Curr{F) and let T G 
cv{F). Define the geometric entropy of fi with respect to T as 

hrit.) := hminf "^"g/f^^^i^ 
<iT(x,!/)^oo dT\x,y) 

x,yeT 
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If fi(Cyl[x.y]) — 0, we interpret logO = —oo. Thus for /i = and any T e cv{F) 
we have hT{fJ-) — oo. For any G C'urr{F), /i 7^ and any T G cv{F) we have 
< hxin) < 00. InformaUy, hT^fJ-) measures the slowest exponential decay rate 
(with respect to dT{x,y)) of the "weights" /^(Cj/^fj. j,]) as dT{x,y) 00. Thus, 
taking into account that T is a discrete E-tree, we see that if hT{n) > s > then 
there exists C > such that for every x,y ^ T with dxix, y) > 1 we have 

IJ'{Cylix,y]) < C exp{-sdT{x,y)). 

The following is a more combinatorial interpretation of the geometric entropy 
that follows immediately from unraveling the definitions (we use notation 12. 8p . 

Proposition 3.2. Let /i G Curr(F), fJ. ^ and let T G cv{F) be determined by 
the pair (a,C), where a : F ^ tti{T,p) is an isomorphism and C is a metric graph 
structure on T. Then 

(1) 

/iT(/i) limmf — limmf — ; 

L{V) C(y)^<^ L(v) 

vev{v) vev(T) 
(2) if hxipi) > s > then there exists C > such that, for every v G 'P(r) 
{v,ii)a < C exp(— s£(u)). 

We already noted that if /i = 0, we get hxin) = 00 for any T G cv{F). On the 
other hand, there is a family of so-called rational currents {r]g}g^p\^iy, such that 
for any T G cv{F), hrir^g) = 0. 

The current r]g is defined as follows: for every Borel subset 5* C dF'^ , VgiS) 
is equal to the number of F-translates of the bi-infinite geodesic {g~^,g°°) that 
belong to S. 

The following statement is an immediate corollary of the definition of geometric 
entropy: 

Proposition 3.3. Let fi G Curr{F),fi ^ and let T G cv{F). 

(1) For any c > we have hxifJ-) — hxicfi). 

(2) For any c > we have /ict(/^) = ^^t(m)- 

Thus hxiti) depends only on the projective class [ji] G f'Curr{F) of ji. 

Lemma 3.4. Let T,T' G cv{F). Let cj) : T ^ T' be an F-equivariant quasi- 
isometry. There exists an integer M — M{(j)) > 1 with the following property. 

Let Xi,X2 G T and let x'^ = (f>{xi), x'2 = (j){x2). Let yi, 1/2 G [a^'i, 2^2] &e such that 
dT'{x[,yi) = dr' (2:^,2/2) = M. Then 

4>{Cyl ) C Cyl[ 

Proof. This statement is a straightforward consequence of the " Bounded Can- 
cellation Lemma" [4] for quasi-isometries between Gromov-hyperbolic spaces. In- 
deed, let [x, y] C T be a geodesic segment in T and let 7 be a geodesic ray in T 
with initial point y, such that the path [x, y]^ is a geodesic (that is, there is no 
cancellation between [x, y] and 7. There is a unique geodesic ray 7' in T' starting 
at (j){y) such that 7' is at a finite Hausdorff distance from 0(7). The "Bounded 
Cancellation Lemma" implies that the cancellation between [(t){x) , (j){y)] and 7' is 
bounded by some constant M > 1 depending only on the quasi-isometry </>. It is 
not hard to check that this constant M satisfies the requirements of the proposition 
and we leave the details to the reader. □ 
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Proposition 3.5. Let T,T' e cv{F). Let (j> : T ^ T' be an F-equivariant quasi- 
isometry. There exists an integer Mi = Mi{(/)) > 1 with the following property. 
Let Xi,X2 G T and let x[ — 4>{xi), x'^ = (\)(xi). 

Then there exist points pi,p2,qi,q2 G T' such that [pi,p2] — [x[,x'2] H [qi,q2], 
such that d{qi, x'^) < Mi and such that 

Cyl[q,,q^] C (/)(C?//[:ri,X2])- 

Proof. Let ip : T' T he an i^-equivariant quasi-isometry which is a quasi- 
inverse of (p. Let AI — M{ip) > be the constant provided by Lemma 13.41 for 

v.. 

Clioose ^, C £ dT such that the bi- infinite geodesic [a;i,a;2] ^ KiC]- Then 
x[ = (f>{xi) and X2 = 4'{x2) are at distance at most Ci = Ci{(f>) from 
Thus [0(O,</'(C)] n [x'i,x'2] = [pi,P2], where d{x'^,p^) < Ci. 

Recall that V' is a quasi-isometry that is a quasi-inverse of 0, so that -0(0(0) — ^ 
and ■0(0(0) = C- Note also that [xi,X2] C = [^^(0(0), -0(0(0)] and that 

bi)P2] C [0(0, 0(C)]- Therefore there is some C2 = C2(0) > such that if qi £ 
[0(0, Pi], q2 e [p2,0(O] are such that d(qi,pi) > C2 then [xi,X2] Q [^"(91), '0('?2)] 
and d{x^,ipiqi)) >M = M{ip). 

Choose qi G [0(O:Pi]: I2 G [P2,0(O] such that d{qi,Pi) = C2. Thus [xi,X2] C 
[■0(<Zi), 0'(<Z2)] and d{xi,^{qi)) > M. Note that d{xi,^p{qi)) < — C^{tp) since ip 
is a quasi-isometry and d{x'^,qi) < C2 + Ci. 

Thus [xi,X2] C [■0(gi),0'(g2)] and d{x,,->Jj{q,)) > M = Miijj). Then by Lemma[3H 
applied to tp, we have 

i^{Cyl[ ) C Cyll 

Applying 0, we obtain 

Cyl[q^,q^] C 0(C2/?[^i^^2]). 

Note that by construction [^1,^2] = [a^i, 2^2] ^ [^ij 92]- Moreover, d{qi,x[) < Ci -I-C2. 
Thus all the requirements of the proposition are satisfied, which completes the 
proof. □ 

Corollary 3.6. Let fi G Curr{F) and let T,T' G cv{F). Then 

hrin) > hT'i^i) > 0. 

Proof. Suppose that hr'in) > 0. Hence there exists s > 0, C > such that 
for every x,y ^ T' , x ^ y, we have 

l^{Cyl[x,y]) < Cexp{-sdT'{x,y)). 

Let : T — !> T' be a F-equivariant (A, A)-quasi-isometry, where A > 1 (i.e. a 
quasi-isometry with both the multiplicative and the additive constants equal to 

A). Let M,C > be provided by Lemma [3.41 Let xi,X2 G T be such that 
N := dT{xi,X2) > 20X^M. Let x'^ = (p{x^) e T\ i ^ 1,2. Thus dT'ix[,x'2) > 
N/X - A > 7V/2A. Let yi,y2 G [xi, 4] be such that dT'{x'i,yi) ^ dx'{x'2,y2) = M. 
Thus 

. I iV dT{xi,X2) 

By Lemma 13.41 we have: 

yi,V2\ 
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Recall that under the identifications dqr ■ dT dF and dqr' '■ dT' — > dF, for 
any S C dT, dqriS) = dqT-{(f>{S)) C dF. Therefore 

m(C2/^[xi,j,2]) < KCyl[yi,y2]) < Ccxp{-sdT'{yi,y2)) < 

< Cexp(-s — ). 

This implies that /it(m) > > 0, as required. □ 

Corollary 13.61 implies that the following notion is well-defined. We say that 
a current fi e Curr{F) has exponential decay or decays exponentially fast if for 
some (equivalently, for any) T e cv{F) we have hT{fJ.) > 0. Similarly, we say that 
fi has subexponential decay if for some (equivalently, for any) T G cv{F) we have 

hT{^l) = 0. 

Recall that for a graph F we denote by P(r) the set of all nontrivial reduced 
finite edge-paths in F. 

Proposition 3.7. Let /i G Curr{F), fi ^ 0. Then the function 

: cv{F) ^ R, T H> /it(m) 

is continuous. 

Proof. It suffices to check that for every simplicial chart a : F — > 7ri(F,p) on 
F the restriction of to the elementary chart Va Q cv{F) is continuous. 

Let ET = E+T U E'T be an orientation on F, let m = ij^E+T and let E+T = 
{ei, . . . , Cm}- Recall that Va consists of all points of the form (a, £), where £ is a 
nondegenerate semi-metric structure on F. 

Let T = (a, £) G Ua- Let e > be arbitrary. Choose ei > such that 
eihxifJ') < e. Then there exists a neighborhood f2 of T in Va with the following 
property. For any v G 'P(F) and for any T' = (a, C) G fl we have 

{l-ei)C'{v)<C{v) < {l + ei)C'{v). 

Therefore 

-l0g(t;,^)„ -l0g{v,n)a , -l0g{v,n)a ,^ , . 

TTT^; U - eij S -^Tyi—: S -^rr-; U + eij- 

L[v) '-' \v) C-yv) 

It follows that 

hT{^J){l~el)<hT'{^l)<hT{^l){l + el) 

and hence 

|£;^(T) - E^{T')\ = |/iT'(Ai) " hT{^i)\ < h^{T)ei < e. 
Thus Ef^ is continuous at the point T and, since T G Va was arbitrary, i?^ is 
continuous on Va, as required. □ 

Notation 3.8. Let a : F 7ri(F) be a simplicial chart and let ^ G Curr{F) be a 
geodesic current. Define 

suppait^) {u G P(F) : {v,pL)a > 0}. 

We refer to suppa{fJ-) as the .support of fi with respect to a. 

Let £ be a metric graph structure on F and let T(^a.c) G cv{F) correspond to 
the universal cover of F with the edge-length lifted from C Define 

P{T{a,c)-'N ■= limmf 
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where /3(i?) = #{v G suppaip) '■ ^(v) < R}. Thus p{T(_a,c)) measures the expo- 
nential growth rate of the support suppa{fJ-) with respect to the metric structure 
£. 

Let now /i e Curr{F), fJ, and let T e cv{F) be arbitrary. There exists 
an (essentially unique) marked metric graph structure {a,C) such that T — T(^a,c)- 
Put p{T,fi) p(T(„^£)). 

It is not hard to show that if p{Tq, p) = for some Tq G cv{F) then p{T, p) = 
for every T G cv{F). 

Theorem 3.9. Let T e cv{F) and p £ Curr{F), p^O. Then 

hrip) < p{T,p) 

Proof. We may assume that T — T(^a.c) for some marked metric graph struc- 
ture (a : F — 7ri(r),£) on F. If hxip) — 0, there is nothing to prove. Sup- 
pose now that hrip) > 0. Let s > be arbitrary such that s < hrip). Thus 
there exists uq > 1 such that for any p,q d T with dT{p,q) > no we have 
KCyl[p,q]) < exp{-sdT{p,q)). 

Since /i ^ 0, there exists an edge e of P such that (e, p)a > 0, that is e G 
suppa{p). Let [x,y] C T be a lift of e to T. Thus p{Cyl^j. y^) = {e,p)a > 0. For 
any integer n > uq let [x, zi], . . . [x, Zm] be all geodesic segments of length n in T that 
contain [x, y] as an initial segment and such that p{Cyl[x,pi]) > 0, where pi = z-i if Zi 
is a vertex of T, whereas if Zi is an interior point of an edge, pi is the endpoint of that 
edge further away from x than Zi. Then p(Cyl[x,pi\) < exp(— sn). Moreover, the 
cylinders Cyl[^^p^], . . . ,Cyl[x^p^] are disjoint and p{Cyl[a:^y]) = J2iLi f^i'^yhx,Pi])- 
Let Vi G P(P) be the path in P which labels the segment [x,pi] in T. Note that by 
construction n < C{vi) < n + c, where c > is the length of the longest edge in 
(P, £). Thus, again, by construction, m < (3{n + c). We have 

m 

< (e, p)a = ^^(^i: p)a < w exp(— STT.) < /3(n -I- c) exp(— sn). 

i=l 

It follows that p{T,p) > s since if p{T,p) < s then (3{n + c)exp(— sn) — J> as 
n — )> oo, contradicting the fact that {e,p)a > 0. Thus for every < s < hxip) we 
have p{T,p) > s. Therefore p{T,p) > hrip), as required. □ 

Remark 3.10. Suppose T = T(^a,c) '^here for every edge e of P we have £(e) = 1. 
Let ri(P, /i) be the set of all semi-infinite reduced edge paths 7 = ei, . . . , e^, ... in 
P such that for every finite subpath w of 7 we have v G suppa{p). We can think 
of n{r,p) as a subset of the set of all semi-infinite words in the alphabet A 
consisting of all oriented edges of P. The subset 51(P, p) C A" is clearly invariant 
under the shift map a : which erases the first letter of a semi-infinite 

word from A". Thus f2(P,/i) is a subshift (not necessarily of finite type) of the 
full shift (A",(t). It is easy to see from the definitions that in this case p{T(^a,c)) 
is equal to the topological entropy htopoi{^(r , p)) of the subshift i^(P, p) of the set 
. In this situation Theorem 13.91 savs that hrip) < htopoi{^{^, p))- 
As we already observed, it is not hard to show that if p{Tq,p) — for some 
To G cv{F) then p{T,p) = for every T G cv{F). In this case Theorem 13.91 implies 
hrip) — for every T G cv{F). 
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4. Tame currents 

Definition 4.1 (Tame current with respect to a tree). Let /i e Curr{F) and 
T G cv{F). We say that is tame with respect to T or T-tame if for every Af > 1 
there is C = C(M) > 1 such that whenever 01,61,02,62 G T satisfy (i(ai,a2) < 
M, rf(6i, 62) < Af, ai 7^ 5i, 02 7^ 62 then 

^M(Cy'[a2,62]) < M(C2/^[ai,(,i]) < C/l(Cy/[a2,b2])- 

We call C = C(Af) the T -tameness constant corresponding to M . 

Lemma 4.2. Let T € cv{F) and 11 S Curr(F). Suppose that there is some N > 1 
such that for every M > N there exists D ~ D{M) > 1 such that whenever 
[x, y] ^ [a, b] where x ^ y and dxia, x) — dr^y, b) = M then 

fJ'iCyl[x,y]) < Dn{Cyl[a,b])- 

Then fi is T-tame. 

Proof. Suppose that for every M > N there is D = D{M) > 1 as in 
Lemma 14.21 

We need to prove that fi is T-tame. It is easy to see that it suffices to verify 
the conditions of Definition 14. II for all sufficiently large M . 

Let Af > be arbitrary. Suppose now that [x,y\ C [a, 6] with dT{a,x) — 
driu, b) < M and x ^ y. Choose a geodesic segment [a', 6'] in T such that [a, b] C 
[a' ,b'] and such that dxia' ,x) = dxib' ,y) = Af. Then Cyl[a'.b'\ C Cyl[a,b] ^ 
Cyl[x.y]- Hence by assumption on D = D[M) we have 

KCyl[a.b]) < tJ-{Cyl[x.y]) < Dfi{Cyl[a',b']) < Dfi{Cyl[a,b]) 

so that 

(t) fJ-{Cyl[a,b]) < fJ-(Cyl[x^y]) < D^i{Cyl[afi]). 

Thus (f) holds whenever [x,y] C [a, 6] with dT(a,x) = dT{y,b) < Af. 

Suppose now that M > iV and oi, 61, 02, 62 G T satisfy c?(ai, 02) < M,d{bi,b2) < 
M. We may assume that d(ai,6i) > 3Af since otherwise the requirements of 
Definition 14.11 are easily satisfied. (Indeed, if d{ai,bi) < 3Af, then the points 
fli, 02,^1,62 lie in an J^-translated of a fixed closed ball of radius 6Af, which is a 
finite subtree of T). Then [ai,6i] n [02,62] is a non-degenerate geodesic segment. 
Put [x,y] = [ai,6i] n [02,62]- 

Then 

d{x, ai),dix, 02), d{y, 61), d(y, 62) < Af 
and [x,y] C [ai,6i], [x,y] C [02,62]. Then by (f) we have 

M(Cy^[ai,6i]) < fi{Cyl[x^y]) < Dfj,{Cyl[a2M]) 

and 

KCyka2M\) ^ KCyh^,y]) ^ ^M(Cy^[ai,6i])- 

Therefore fj, is T-tame with as required. □ 

Proposition 4.3. Let fi e Curr{F) and let T,T' € cv{F). Then fjL is tame with 
respect to T if and only if fi is tame with respect to T' . 

Proposition 14.31 implies that the following notion is well-defined and does not 
depend on the choice of T e cv{F): 
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Definition 4.4 (Tame current). Let /i G Curr{F). We say that /j, is tame if for 
some (equivalently, for any) T G cv{F) the current /i is T-tame. 

Proof. Suppose that /i is tame with respect to T' . 

Let X e T and G T' be arbitrary vertices. Let : T — > T' be an i^- 
equivariant (A, A)-quasi-isometry such that 4>{x) = x' . Let M = M{(f>) > 1 be the 
constant provided by Lemma 13.41 

We need to prove that /i is tame with respect to T. By Lemma [4.21 it suffices 
to show that the conditions of Lemma [4.21 hold for fi. 

Let Mo > 1 be sufficiently big (to be specified later) and suppose s,t,a,b £ T 
are such that [s, t] C [a, b] with c?t(s, a) — drit, h) = Mq. 

Let s',t' G [</)(a), 0(6)] be such that 

dT'(</'(s),s') = dT'(0(s), [0(a), 0(6)]) and 
dT'{cf>{t),t')=dT'm),[cf,{a),m])- 
Since is a quasi-isometry and T, T' are Gromov-hyperbolic, we have 

dT'(0(s),s'),dT'(0(t),t') <Cl, 

where Ci = Ci(0) > is some constant. Note that [0(a), 0(6)]n[0(s), 0(t)] — [s',t']. 
We may assume that AIq was chosen big enough so that 

dT' (0(a), s'),dT' (0(6), i') > Ml =Mi(V') 

where Mi = Mi(0) is the constant provided by Proposition 13.51 

Proposition 13.51 implies that there exist pi,p2,9i,92 G T' such that [pi,p2] = 
[91, 92] n [0(a), 0(6)] and such that 

'^yhqu'12] ^ HCyl[a,b]) 

and such that dr' (gi, 0(a)), ^T' (92, 0(^^)) < Mi. Thus dT'{(j>{a), s'),dT'{(j){b),t') > 
Ml = Mi(0) implies that [s' ,t'] C [^1,^2]- 

Let s",t" G [s',t'] C [0(a), 0(6)] be such that dT'{s',s") = dT'{t',t") = M. 
Thus s",t" G [0(s),0(O] and 

M < dT'(0(s),s") < M + Ci, M < dT'{4>it),t") <M + Ci. 

Then by Lemma 13.41 

<P{Cyl[s,t\) ^ Cyl[s",t"] 

and hence 

KCyi[s.t]) < KCyhs'\t"])- 

Note that since is a (A, A)-quasi-isometry and dT{a,s) = Mq, dxib^t) = Mq 
then 

dT' (0(a), 0(s)),dT' (0(6), 0(t)) < AA/o + A. 
Since dT'{(l){s),s'),dT'{(j){t),t') < C\, it follows that 

dT' (0(a), s'),dT' (0(6), i') < AMo + A + Ci. 
Since dT'(s', s") = dT'(<', i") = M, we have 

d(0(a),s"),d(0(6),t") < M + AA/o + A + Ci. 
Since pi G [0(a), s"], p2 G [i",0(6)] and dT-{qi,(j){a)),dT'[q2,(j){b)) < Mi, we get 
dT' (s", gi), dT' (t", 92) < Ml + M + AMo + A + Ci. 
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Put M2 = Ml + M + XMo + X + Ci. Since ^ is T'-tame, 

where C2 = C{M2) is the T'-tameness constant for fi corresponding to Af2- 
Recall that Cyl[q^^q^] C 4>{Cyl[a,b]) and therefore 

IJ'{Cyl[q,,q2]) < n{Cyl[a,b])- 

Thus we have 

IJ'{Cyl[s,t]) < tJ'{Cyl[s" M']) < C2M(Cy/[qi,q2]) < 
< C2fl{Cyl[a,b])- 

Hence by Lemma 14.21 fj. is T-tame, as required. 



□ 

5. The geometric entropy function on the Outer Space 

Theorem 5.1. Let T e cv{F) and let n € Curr{F) be a tame current. Then for 
any T' G cv{F) we have: 

hT'{n) > hrifi) inf "^"^ 



/en{i} ll/l 



T' 



Proof. Put h = hrip). 

Let X e T and x' G T' be arbitrary vertices. Let : T' — > T be an _F-equivariant 
quasi-isometry such that 0(x') = x. Thus (j){gx') — gx for every g G F. Let M > 1 
be provided by Lemma 13.41 

Let a„, bn G T' be such that lim„_j.oo dT'{an, bn) — 00 and such that 

hT'ifi)^ Imi — — . 

n-i-oo aT'(an,bn) 

Note that there exists some constant M' — M'{T') > 1 (it can be taken equal 
to vol{£')), such that for any finite reduced edge-path v in T' /F there exists a 
cyclically reduced closed edge-path v in T' / F containing v or contained in v (as a 
subpath) and such that \C'{v) - C'{v)\ < M' . 

Then there exists hn,gn G F such that dx'i ) < M', dT'{bn,gnX') < M' 

and such that [hnx',gnx'] projects to a closed cyclically reduced path in T'/F. 

After translating [a„, 6„] by h~-^, we may assume that /i„ = 1. Thus [x',gnx'] is 
contained in the axis of (7„ and dx'ix' , gnx') = \\gn\\T'- Note that lim dT'ian,bn) = 

n— >oo 

00 implies lim Hgnllr' — 00. 

n— )-oo 

Since fi is tame, there exists a constant Ci > 1 such that 



Therefore 



and 



KGyl[a„.b„]) < Ci^iCyl[^,^g^^,]). 



)-logCi 



) - dT'{x',gnX') + 2M' 

log fi{Cyl[^,^g^^,]) 



hx' ifJ-) 1^ lim inf ■ 



dx' ix',gnx') 
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Note that (l){x') — x and 0(g„a;') — gnX. Moreover, since dT'{x' , gnx') — ||5n||T' 
and (/) is a quasi-isometry, there is a constant C2 > independent of n such that 
for every n > 1 

Idrix^gnx) - ||5„||t| < C2. 
Also, we have Hm„_^oo IISmHt = co- Let [y„,z„] C [a;,g„a:;] be such that drix^yn) — 
drignX, Zn) — M, where M is a constant provided by Lemma 13.41 with 

and hence 

where the constant C3 > 1 exists and the last inequality holds since /i is tame. 
Thus 

-10g^(CyZ[^'^g„^/]) ^ -10g/i(Cy/[a;,g„a;]) - 10gC2 _ 



dT'{x',gnx') dT-{x',g„x') 
- log fi{Cyl )-logC2 dxix^gnx) 



dTix,gnx) dT'{x',gnX') 
)-logC2 dxi 



dT{x,gnx) WdnWr' 
■logM(C2/^[x,s„2;]) - logC2 ||g„||T - C3 



dT{x,g„x) 



Therefore 



. /N^r . ^ ~log/i(Cy/^.,g„^, ) 
/iT' > hmmf , , , ,^ > 

n^oo dT'{x',gnX') 
. , -l0gAi(Cy'[2;,g„:j]) - l0gC2 ||5«||t-C3 

hmmf — ^ — > 

n^oo dT(X,gnX} \\9n\\T' 

> hT{^i) liminf ^^^"^^"^ ^ = hxifJ.) liminf > 

'IsIIt 



> hT{fJ,) inf 



geF\{i} \\g\\T' 

as required. □ 

The following statement is an immediate corollary of the explicit formula for 
the Patterson-Sullivan current in the Outer Space context obtained by Kapovich 
and Nagnibeda ( |18j , see Proposition 5.3): 



Proposition 5.2. Let T G cv{F) and let h = h{T) be the critical exponent of T . 
Let /iT G Curr{F) be a Patter son- Sullivan current corresponding to T . Then there 
exist constants Ci > C2 > such that for any distinct vertices x and y of T we 
have 

C2exp(-/idT(a;,y)) < iiT{Cyl[x^y]) < Ciexp{-hdTix,y)). 

Together with the definitions of geometric entropy and of tameness. Proposi- 
tion [521 immediately implies: 



Corollary 5.3. Let T S cv{F) and let ht G Curr{F) be a Patterson-Sullivan 
current corresponding to T. Let h — h(T) be the critical exponent of T . 
Then /iy is tame and hxifJ-x) — h{T). 
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Proposition 5.4. Let T G cv{F) and let h ~ h{T) he the critical exponent of T . 
Let G Curr(F) be a Patterson-Sullivan current corresponding to T. 
Let T' G cv{F). Then for any g ^ F \ {1} we have 



and therefore 

hT'{liT)<h inf 

Proof. By Proposition 15.21 there exists C > such that for any distinct ver- 
tices x,y ^ T we have 

KCylix.,y]) > C exp{-hdT{x,y)). 

Note that for any a; G T, a;' G T' we have 

drix^g'^x) dr'ix' ,g''x') 
\\g\\T^ hm , ||g||T' = hm 

n— ^oo 71 n— ^oo Tl 

and hence 

lim = M^. 

n->oo dT'(x',g"x') \\g\\T' 

Let X e T and a;' G T' be arbitrary vertices. Let (/) : T — > T' be an F- 
equivariant quasi-isometry such that (t>{x) = x' . Thus (f>{g"'x) — g"x' for every 
n G Z. Let M > 1 be provided by Lemma [3.41 For n oo let [yn, Zn] C [x',g'^x'] 
be such that d(x' , j/„) = d{zn,g"x') = Af. Then by Lemma [3^ we have 

<l}{Cyl[x,g^x]) ^ C'y^[j,„,z„]- 

Hence 

Kdyhy^,^^]) - l^i'^vh^^g^x]) > Cexp{~hdT{x,g''x)) 

and so 

-log {fi{Cyl[y^,^^])) ^ hdT{x,g"'x) - logC ^ hdrix^g'^x) -logC 



Hence 

^ - n~^oo dT'{x',g'^x') -2M MW' 
as required. □ 

Since Patterson-Sullivan currents are tame, Proposition 15.41 and Theorem 15.11 
imply 

Theorem 5.5. Let T G cv(F) and let h = h(T) be the critical exponent of T . Let 
fiT G Gurr{F) he a Patterson-Sullivan current for T. Let T' G cv{F). Then 

hT-ifiT)^h{T) inf^^^^. 

/eF\{i} ||/||t' 

Corollary 5.6. Let T G CV{F) and let h = h{T) he the critical exponent of T . 
Let fiT G Curr{F) be a Patterson-Sullivan current for T. Let T' G CV{F) he such 
that T' ^T. Then 

hT'it^T) < hrit^r) = h{T)- 

Thus 

h(T) = hxiuT) — max hT'(uT) 

T'eCViT) 
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and this maximum is strict. 

Proof. A result of Tad White [24j implies that, when T' ^ T, there exists a 
nontrivial g £ F such that \\g\\T < \\g\\T'- Therefore by Theorem 15.51 

hr,{^,T) = h{T)Mk<h{T). 

\\9\\t' 

a 

Corollary 5.7. Let T e CV{F) and let ^it G Curr{F) he a Patterson-Sullivan 
current for T . Then 

inf hT' (ut) — 0. 

T'eCViF) 

Proof. Recall that is a free group of rank k > 2. Let A be a free basis of F 
and let Ta be the Cayley graph of F with respect to A, where every edge has length 
1/k. Thus Ta e CV{F). Let a & A. There exists a sequence (j)n G Out{F) such 
that lim„^oo H'/'nalU = oo and hence lim„^oo ||0na||Tyi = lim„^oo HfAnalU = oo. 
Put Ta = (I):;;^Ta. Thus T„ G CV{F) and 

l|a||T„ = Ikll^-iTA = ll'/'n^IlT^ >n^oc OO. 

Therefore by Theorem 15.51 we have 



\a\\T„ 
Hence 

inf hT'(u) = 0, 

T'eCViF) 

as required. 

□ 

6. The maximal geometric entropy problem for a fixed tree 

Recall that, as observed in Introduction, the function /it(-) : Curr{F) — )■ 
R, /X (— )■ hxip) is not continuous. Nevertheless, it turns out that it is possible 
to find the maximal value of /it(') on Curr{F) — {0}. 

Recall that if {X,d) is a metric space and v \s & positive measure on X, then 
the Hausdorff dimension HDx(i^) of v with respect to X is defined as 

HDxiv) := inf{HD(5) : S C X such that iy{X - S) ^ 0}. 

Thus HDx(i^) is the smallest Hausdorff dimension of a subset of X of full i^- 
measure. Note that this obviously implies that HDx(i^) < HD(X). 

Let T G cv{F). Recall that if a; G T, ^, C G dT, we denote by {^\C)x the distance 
drix, y) where [x, £] n [x, C] = [x, y]. Let a; G T be a base-point. The boundary dT 
is metrized by setting (ix(^:C) — 6xp(— (^IC)^;) for & dT. It is well-known (see 
[5]) that HD(ar,d^) = h{T). 

Recall that, as explained in the Introduction, given a current fi G Curr{F) 
and T G cv{F), we introduce a family of measures {fJ-x}xeT on dF defined by their 
values on all the one-sided cylinder subsets of OF: 

Cyl^^ y] '■— £ ^-^ ■ the geodesic ray [a;, driO] in T begins with [x, y]} C dF, 

IJ-xiCylf^^y]) := Ai(Cy/[^,j,]). 
It is not hard to see that if /i 7^ then there exists x G T such that Hx ^ 0. 
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Theorem 6.1. Let fi e Curr{F), n ^ 0, letT e cv{F), and let x & T be such that 
fix ^ 0- Then 

hrifi) < HD9t(m^) < h{T). 

Proof. As observed by Kaimanovich in [lOj (see formula (1.3.3)), the following 
formula holds for the Hausdorff dimension of a measure v on dT endowed with the 
metric as above. 

(1) tilJgT(t^) = ess supfgQjn limmt ; 

Here B^it k) is the set of aU ( e dT such that i^\Ox > k, that is B^i^, k) = 
vk] ^^^""^ [x,yk] is the initial segment of [x,^] of length k. The essential 
supremum in {I) is taken with respect to i>. 
Applied to fix, formula (:}:) yields: 

hrifi)= hminf z}^^^^^!^^ < 

^ r ■ f -'^ogfi{Cyl[x,z]) 
< limmt — 7^ — — < 

zeT dT[X,z) 
(iT(a;,^)— ^oo 

,. . , -logMx(C2/Zf^,,]) 

< ess suptpflT^ limmt — ' = 

^ST dT(x,z} 

(It [x^z)—>oo 

= m^erifix) < HD(9r) - /^(T). 

□ 

Proposition 6.2. Let T,T' e cv{F) be such that h := h{T) = h(T'). Let fir be 
a Patterson- Sullivan current corresponding to T and suppose that hT'{fiT) = h. 
Then T and T' are in the same projective class. 

Proof. Let fiT' £ Curr{F) be a Patterson-Sullivan current corresponding to 
T'. We will first show that fir is absolutely continuous with respect to fir'- Let (j) ■ 
T — > T' be an F-equivariant (A, A)-quasi-isometry, where A > 1. By Proposition l5.2l 
there is a constant C > 1 such that for any x,y £T with dxix, y) > I 

^exp{-hdT{x,y)) < fJ.TCyl[x^y] < C exp{-hdT{x,y)). 
Let x',y' e 0(r') be arbitrary such that dT'{x',y') > A^ + A. Let x,y & T he 



such that x' = (t>{x), y' = (t>{y). Since fix is tame, Lemma 13.41 and Proposition 13.51 
imply that there is some constant Ci > 1 such that 

^fiT{Cyl[x',y'\) < fiT{Cyl[x,y]) < CifLT{Cyl[x',y'\)- 

Thus 

fJ.T{Cyl[x'^y']) > -^fJ-riCylix^y]) > exp{-hdT{x,y)). 

On the other hand, since by assumption hx'ifJ-T) = h, it follows that for any 
e > there exists C2 — C2 (e) > 1 such that 

fiT{Cyl[x',y']) < C2exp{-{h- e)dT'{x',y)). 
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Thus 



exp{-hdT{x,y)) < C2exp(-(/i - e)dT'{x' ,y')). 



Hence 
and so 



CiC 

hdT{x,y) >{h- e)dT'{x',y') - log(C2CiC). 

h ^ y dT'ix',y') 
> lim sup 



dT{x,y)^oo dT{x,y) 
Since e > was arbitrary, it follows that 

limsup r- < 1. 



Therefore 



sup M^<1. 

geF\{i} \\g\\T 



By Lemma 12.91 this implies that there is a constant C3 > 1 such that 

dT{x',y') < dT{x,y) + C3. 

Then 

f^T{Cyl[^>,y']) < -^exp{-hdT{x,y)) < 

1 f , / , . / „ ^ ^^ _ CXpihCs) , , 



exp{-hidT'ix',y') - C3)) = — ^^exp(-MT'(a;',y')) < 

f^T'{Cyl[^,^y,]). 



ClC V - V / (J^(J 

C exp(/iC3) 



The above inequality holds for any x' ,y' £ 4>{T) with dT'{x',y') > + A. Since 
is a quasi-isometry and /iy is tame, it follows that there exists a constant C" > 1 
such that for any x',y' G T' with d^' (a:', 2/') > 1 we have 

fJ-riCyli^'^y,]) < C'fiT'{Cyli^,^y,]). 

Hence fiT is absolutely continuous with respect to fiT' ■ A result of Furman [9] now 
implies that the translation length functions ||.||t and ||.||t' are scalar multiples of 
each other, as required. □ 

Corollary 6.3. Let Ti, T2 G cv{F) he such two elements that do not lie in the same 
projective class. Let IJLT2 be a Patterson- Sullivan current for T2 . Then /iti (a*T2 ) < 
h{T,). 

Proof. After replacing T2 by a scalar multiple of T2 we may assume that 
h{Ti) = h{T2). Note that the projective Patterson-Sullivan current depends only on 
the projective class of an element of cv{F), so that this replacement does not change 
fiT2 ■ Now the statement of the corollary follows immediately from Theorem lG.ll and 
Proposition l6.2l □ 



Corollary 6.4. Let T,T' e cv{F). Then 
(1) 



. r \\9\\t ^ h{T') \\g\\T 
mf -—- — < — — — < sup J—- — 

9eF\{i} \\g\\T' h[T) geF\{i} WqWt' 
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(2) Suppose that T and T' are not in the same projective class. Then 

M ML<'SI< sup 11*^ 

geF\n} \\9\\t' h[T) geF\{i} \\9\\t' 

Proof. 

(1) Let /It be a Patterson-Sullivan current corresponding to T. By Theorem 
and Theorem 16.11 we have 

h{T) ini M^ = hT.{^^T)<h{T') 

and hence 

inf #:<^. 

9eF\{i} ||.g||T' h{T) 
A symmetric argument shows that 



Clearly, 



inf 



aeF\{i} \\g\\T h(T')' 
9\\t' _ 1 



9eF\{i} \\g\\T \\g\\T 



and hence 



geF\{l} \\9\\t' 

sup Mk>MZ!) 

geF\{i} MW' ~ h{T) ' 

as required. 

The proof of part (2) is exactly the same, but Corollary 16 .31 implies that all the 
inequalities involved are now strict. □ 

7. Relation to measure-theoretic entropy 

In this section we relate the geometric entropy of a current /i € Curr(F) with 
respect to T = F, where P is a finite graph with simplicial metric (every edge has 
length one), to the measure-theoretic entropy of the corresponding shift-invariant 
measure fl on the (appropriately defined) geodesic fiow space of the graph P. 

Definition 7.1. Let a : F 7ri(P,p) be a simplicial chart. Let T — T. We 
endow both P and T with simplicial metrics by giving each edge length one. Thus 
T € cv{F). Define fl{r) to be the set of all semi-infinite reduced edge-paths 

7 = ei, 62, . . . , e„, . . . 

in P. Note that ri(P) is naturally identified with the disjoint union of #V^P copies 
of dT, corresponding to the #VT different possibilities of the initial vertex of 7 S 
ri(P). We topologize il{T) accordingly. Thus, topologically, n(P) is a disjoint union 
of ^Vr copies of the Cantor set. 

There is a natural shift transformation a : fl{T) — ^ f^(P) defined as 

o'(ei,e2,e3,...) = 62,63,... 

for every 7 = 61, 62, 63, • • • £ f^(P). Then tr is a continuous transformation and the 
pair (ri(P),o') is easily seen to be an irreducible subshift of finite type, where the 
alphabet is the set of oriented edges of P. 
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The space fl{r) has a natural set of cyhnder sets which generate its Borel 
sigma-algebra: for every nontrivial reduced edge-path w in F let Cylv be the set 
of all 7 e i^(r) that have v as an initial segment. It is easy to see that there is a 
natural affine isomorphism between the space of geodesic currents Curr{F) and the 
space A^(r) of all positive cr-invariant Borel measures on 51(r) of finite total mass. 
For a current /i G Curr{F) the corresponding measure /I G A^(r) is defined by the 
following condition. For every nontrivial reduced edge-path in F, let [x, y] C T 
be any hft of v to T. Then 

Suppose now that fi e Curr{F) is normalized so that the corresponding mea- 
sure /i G i^(F) is a probability measure (recall that multiplication by a positive 
scalar does not change the geometric entropy). For the probability measure /i one 
can consider its classical measure-theoretic entropy with respect to the shift 
(J, also known as the Kolmogorov-Sinai entropy or metric entropy, see e.g. |19j . 

Theorem 7.2. Let a : F ^ 7ri(F,p) be a simplicial chart. Let T = V and endow 
both F and T with simplicial metric. Let (i7(F),(T) he as in Definition \ Let 
/i G Curr{F) he such that the corresponding measure Jl G 7W(F) is a prohahility 
measure. Then 

hrin) < h(j2) < htopoi{<y) = h{T). 

Proof. The fact that htopoi{cr) — h{T) is a straightforward exercise which 
easily follows from the definitions of both quantities. The fact that h{'p) < htopoi{o') 
is also completely general for subshifts of finite type (see e.g. Ch 6. of [19 ). 
If hrifJ-) = then the inequality hxifJ-) < h{fl) is obvious. Suppose now that 
hrifi) > 0. 

Note that 

r!(F) = UeesrCyZe 

is a generating partition with respect to cr. Therefore the measure-theoretic entropy 
of /i can be computed using this partition and is easily seen to be 

h{n) = hm y _MCyQlogKCyl.) ^ 

\v\—n 

Suppose now that < s < hT{fJ-). Then there exists no > 1 such that for any 
geodesic edge-path [x, y] in T of length n > no we have 

KCylix,y]) < exp(-sn). 

Hence for any reduced edge-path w in F of length n > hq we have 'jl{Cyl^) < 
exp(— sri) and — \ogfl(Cyly) > sn. Therefore from the above formula for hCjl) we 
get 

HiJl) > hnr y ^ 

n— >oo ^ — ^ n 

\v\—n 

since for every n > 1 we have r2(F) U|„|^„C?//i, and so X]|t;|=n V'i^V^v) = 1- Thus 
we see that for every < s < hxip) we have ft(/i) > s. Therefore ?i(/i) > hxilj) as 
claimed. 

□ 
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It is also well-known (again see, for example, Ch. 6 of |19j l that for irreducible 
subshifts of finite type such as (r2(r),cr) in Theorem 17.21 there exists a unique 
probability measure fi^ G A^(r) such that ft(/ir) = htopoii'^) = h{T). The measure 
/Ltn is known as the measure of maximal entropy. We already know that for the 
Patterson- Sullivan current /i^ we have hTifir) = ^{T)- Thus, if fiT is normalized 
so that the corresponding measure JIt G -^{T) is a probability measure, then by 
Theorem 17.21 we have hTifir) = f^ifir) = h{T). Hence Jit is the unique measure of 
maximal geometric entropy fiQ. 

Corollary 7.3. Let a, T and T be as in Theorem \ 7.2\ Let £ Curr{F) he 
the Patterson- Sullivan current for T normalized so that the corresponding measure 
'jiT G -'^(r) is a probability measure. Then 

(1) h^flx) — h{T), so that 'fix = fJ-n, the unique probability measure of maxi- 
mal entropy; 

(2) for fi G Curr{F) we have hxifJ-) ~ hlT) if and only if fi is proportional 
to fiT- 

Theorem 17.21 and Corollary 17.31 yield Theorem [e1 from the Introduction. 

References 

[1] F. Bonahon, Bouts des varietes hyperboliques de dimension 3. Ann. of Math. (2) 124 
(1986), no. 1, 71-158 

[2] F. Bonahon, The geometry of TeichmiiUer space via geodesic currents. Invent. Math. 92 
(1988), no. 1, 139-162 

[3] T. Coulbois, A. Hilion, and M. Lustig, M.-trees and laminations for free groups III: Currents 
and dual R-tree metrics, J. Lond. Math. Soc. (2) 78 (2008), no. 3, 755-766 

[4] D. Cooper, Automorphisms of free groups have finitely generated fixed point sets. J. Alge- 
bra, 111 (1987), no. 2 453-456 

[5] M. Coornaert, Mesures de Patterson-Sullivan sur le bord d'un espace hyperbolique au sens 
de Gromov. Pacific J. Math. 159 (1993), no. 2, 241-270 

[6] M. Culler, K. Vogtmann, Moduli of graphs and automorphisms of free groups. Invent. 
Math. 84 (1986), no. 1, 91-119. 

[7] S. Francaviglia, Geodesic currents and length compactness for automorphisms of free 
groups, Transact. Amer. Math. Soc. 361 (2009), no. 1, 161-176 

[8] S. Francaviglia and A. Martino, Metric properties of Outer Space, preprint, 2008, 
http: / /arxiv.org/abs/0803.0640 

[9] A. Furman, Coarse- geometric perspective on negatively curved manifolds and groups, in 
"Rigidity in Dynamics and Geometry (editors M. Burger and A. lozzi)". Springer 2001, 
149-166 

[10] V. Kaimanovich, Hausdorff dimension of the harmonic measure on trees. Ergodic Theory 

Dynam. Systems 18 (1998), no. 3, 631-660 
[11] V. Kaimanovich, I. Kapovich and P. Schupp, The Subadditive Ergodic Theorem and generic 

stretching factors for free group automorphisms, Israel J. Math. 157 (2007), 1-46 
[12] I. Kapovich, The frequency space of a free group, Internat. J. Alg. Comput.l5 (2005), no. 

5-6, 939-969 

[13] I. Kapovich, Currents on free groups. Topological and Asymptotic Aspects of Group The- 
ory (R. Grigorchuk, M. Mihalik, M. Sapir and Z. Sunik, Editors), AMS Contemporary 
Mathematics Series, vol. 394, 2006, pp. 149-176 

[14] I. Kapovich, Clusters, currents and Whitehead's algorithm. Experimental Mathematics 16 
(2007), no. 1, pp. 67-76 

[15] I. Kapovich and M. Lustig, The actions of Out{F]S) on the boundary of outer space and 
on the space of currents: minimal sets and equivariant incompatibility. Ergodic Theory 
Dynam. Systems 27 (2007), no. 3, 827-847 

[16] I. Kapovich and M. Lustig, Geometric Intersection Number and analogues of the Curve 
Complex for free groups, Geometry& Topology, 13 (2009), 1805-1833 



GEOMETRIC ENTROPY 



27 



[17] I. Kapovich and M. Lustig, Intersection form, laminations and currents on free groups, 
Geom Funct. Anal. 19 (2010), no. 5, 1426-1467 

[18] I. Kapovich and T. Nagnibeda, The Patterson-Sullivan embedding and minimal volume 
entropy for Outer space, Geom. Funct. Anal. (GAFA) 17 (2007), no. 4, 1201-1236 

[19] B. Kitchens, Symbolic Dynamics. One-sided, Two-sided and Countable State Markov 
Shifts. Universitext, Springer, 1998 

[20] R. Martin, Non- Uniquely Ergodic Foliations of Thin Type, Measured Currents and Auto- 
morphisms of Free Groups, PhD Thesis, UCLA, 1995 

[21] F. Paulin, The Gromov topology on R-trees. Topology Appl. 32 (1989), no. 3, 197-221 

[22] W. Thurston, Minimal stretch maps between hyperbolic surfaces, preprint, 1986; 
[http://arxiv.org/abs/math.GT/9801039l 

[23] K. Vogtmann, Automorphisms of Free Groups and Outer Space, Geometriae Dedicata 94 
(2002), 1-31 

[24] T. White, The Geometry of the Outer Space, PhD Thesis, UCLA, 1991 

Department of Mathematics, University of Illinois at Urbana-Champaign , 1409 West Green 
Street, Urbana, IL 61801, USA 
http : / /www . math . uiuc . edu/ "kapovi ch/ 

E-mail address: kapovichOmath. uiuc. edu 

Section de mathematiques , Universite de Geneve, 2-4, rue du Lievre, c.p. 64, 1211 
Geneve, Switzerland 
http : //www . unige . ch/~tatiana/ 1 

E-mail address: tatiana.smirnova-nagnibeda@unige.ch 



